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The generalized Schro¨dinger-Newton system of equations with both local and nonlocal nonlinear-
ities is widely used to describe light propagating in nonlinear media under the paraxial approxima-
tion. However, its use is not limited to optical systems and can be found to describe a plethora of
different physical phenomena, for example, dark matter or alternative theories for gravity. Thus,
the numerical solvers developed for studying light propagating under this model can be adapted
to address these other phenomena. Indeed, in this work we report the development of a solver for
the HiLight simulations platform based on GPGPU supercomputing and the required adaptations
for this solver to be used to test the impact of new extensions of the Theory of General Relativity
in the dynamics of the systems, in particular those based on theories with non-minimal coupling
between curvature and matter. This approach in the study of these new models offers a quick way
to validate them since their analytical analysis is difficult. The simulation module, its performance,
and some preliminary tests are presented in this paper.
I. INTRODUCTION
The Theory of General Relativity is currently the most
accepted model to describe gravity since it can explain
most of the current observations. However, there are
some connundrums in the theory, namely the dark mat-
ter and dark energy problems and the UV completion of
the theory [1]. Hence, alternative theories of gravity have
been proposed in the literature. One of such models is the
non-minimal matter-curvature coupling, where, in addi-
tion to a replacement of the scalar curvature by a generic
function of it, the matter sector is non-minimally cou-
pled to a further generic function of the Ricci scalar [2].
Proposing such modifications requires that these models
have to pass through a series of tests to be considered
as valid candidates [2–6], see for example Ref. [7] for a
review. However, as already happens with General Rela-
tivity, the analytic treatment of these new hypotheses is
extremely difficult due to the complexity of the models
and, even though numerical solvers can be used, they nor-
mally require huge amounts of computational resources.
Fortunately, there are certain situations where some ap-
proximations reduce the original mathematical model to
a general Schro¨dinger-Newton system where, although
the analytical treatment remains difficult, one can use
the vast numerical models developed over the years to
study and simulate this system. In particular, those used
in the context of optics where this model is widely used
to describe light propagating in nonlocal optical systems
[8–11].
∗ Corresponding author: tiagodsferreira@hotmail.com
Light propagating in nonlinear and nonlocal sys-
tems, under the paraxial approximation, is described
by a Schro¨dinger-Newton system, which consists in a
Schro¨dinger equation coupled with a Newtonian-like po-
tential (or, more generally, a Poisson potential), where
the former is responsible for describing the evolution of
the envelope of the beam through the medium, and the
last one for describing the distribution of the refractive
index, and examples of materials where this model is
used are nematic liquid crystals [8, 9, 12], thermo-optical
materials [10, 11] and quantum gases [13, 14]. Indeed,
the Schro¨dinger-Newton model is capable of describing a
much wider set of systems, ranging from boson stars [10]
to dark matter [11] and superfluidity [9, 15], to name a
few, and due to the similarities between these mathemat-
ical descriptions, this system has been proposed and used
for implementing optical analogues [9–11, 15], where sys-
tems that are hard or even impossible to study are emu-
lated in the laboratory under controlled conditions. Over
the years, many numerical models have been developed
and improved to simulate this class of systems and in
the last years, at our research group, we have developed
a set of high-performance solvers based on GPGPU su-
percomputing to numerically study this class of systems,
and successfully applied them in the study of superfluid-
ity in nematic liquid crystals [9] and persistent currents in
atomic gases [16]. Due to generality of our implementa-
tion, these solvers can be applied to other systems and in
this work we explore how they can be used to study these
alternatives to gravity. In particular, we began by show-
ing how the Schro¨dinger-Newton system can be used to
describe light propagating in different nonlocal systems,
and then the approximations required to reduce the orig-
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2inal non-minimal coupling models to this mathematical
description. The implementation, tests and performance
are also discussed.
II. PHYSICAL MODEL
The general form of the Schro¨dinger-Newton system is
given by the following set of equations
i
∂ψ
∂τ
= A∇2ψ +Bφψ +G (|ψ|2)ψ, (1)
∇2φ+ Cφ = D|ψ|2, (2)
where the field ψ = ψ (~x, τ) represents the wave func-
tion of the system under study, such as the optical or
mass density for optical or gravitational systems, respec-
tively. The function G
(|ψ|2) accounts for the possibility
of the system having different local nonlinearities, the
φ = φ (~x, τ) accounts for the nonlocal character of the
system and is governed by a general Newtonian-like po-
tential given by equation (2), and A, B, C and D are
constants. The parameter τ has different interpretations
according to the system: for example, in optical systems
τ has dimensions of distance, in gravitational systems,
Bose-Einstein condensates or in polariton fluids it has
dimensions of time. Equations (1) and (2) can be fur-
ther generalized if one considers multiple wave functions
coupled through the different nonlinearities of the sys-
tem, however for the present work this generalization is
unnecessary.
A. The Schro¨dinger-Newton equations in optical
systems
As mentioned before, the Schro¨dinger-Newton system
can be used to describe the propagation of an optical
beam through a nonlinear medium. If we consider equa-
tion (1) alone, we have a mathematical description of the
propagation of an envelope E of a light beam, under the
paraxial approximation, through an optical medium
ik
∂E
∂z
+
1
2
∇2⊥E + k0k∆nE = 0, (3)
where k0 and k = n0k0 are the wavenumbers in the vac-
uum and inside the medium, respectively. The opera-
tor ∇2⊥ is the two-dimensional Laplacian applied in the
two dimensions transverse to the direction of propaga-
tion. The refractive index distribution in the transverse
plane is given by ∆n. In the case of a medium with local(
G
(|ψ|2)), and nonlocal (φ) nonlinearities, we have that
∆n ∝ φ + G (|ψ|2), where the nonlocal field is governed
by equation (2). For example, in Kerr materials, the lo-
cal nonlinearity is G
(|ψ|2) ∝ |ψ|2, but higher orders can
be considered [17], as well as other types, see Ref. [18].
In thermo-optical materials [10, 11, 15] the nonlocal field
is governed by
∇2⊥∆n−
1
σ2
∆n = −ζµ
κ
|E|2, (4)
where σ is the nonlocal interaction length scale (σ ∼ d/2,
with d corresponding to the diameter of the medium [10]),
µ and ζ are the thermo-optical and linear absorption co-
efficients, respectively, and κ is the thermal conductivity.
For nematic liquid crystals [8, 9, 19] we have that
ν∇2θ − 2qθ = −2|E|2, (5)
where θ represents the perturbation induced in the molec-
ular director due to the electric field and θ ∝ φ, q is re-
lated to the pre-tilt of the molecular director and ν is the
normalized elastic coefficient.
B. The Schro¨dinger-Newton for Non-Minimal
coupling models
The idea behind alternative models of gravity is to
modify the Einstein-Hilbert action to account for sev-
eral phenomena that are not explained by General Rel-
ativity. In particular, the non-minimal matter-curvature
coupling model consists in replacing the Ricci scalar or
curvature scalar, R, with a general function of it f1(R),
and coupling to the matter Lagrangian density with the
curvature through another general function, f2(R) [2].
These modifications lead to
S =
∫
d4x
√−g
[
1
2
f1 (R) + f2 (R)Lm
]
, (6)
where g is the determinant of the metric, gµν . In the
limits f1(R) → R and f2(R) → 1, in units such that
M2p ≡ (8piG)−1 = 1, General Relativity is recovered. In
the Newtonian limit, this model predicts that the usual
gravitational potential has to be corrected to
φ = φN + φC , (7)
where φN is the Newtonian potential, which obeys a mod-
ified Poisson equation(
3α∇4 −∇2)φN = (4α− β)∇2ρ− γρ, (8)
where α = f ′′1 (0)/f
′
1(0) is a constant that measures devi-
ations from General Relativity in the pure gravity sector
and the primer denotes derivations with respect to R,
and γ = f2(0)/f
′
1(0) and β = f
′
2(0)/f
′
1(0) can be param-
eterized in the following form
γ ≡

1
2 , General Relativity
1
2
[
1−
(
r0
r+r0
)λ]
,
Non-Minimal
Coupling Models
, (9)
β ≡ λ
(
r0
r + r0
)λ
1
(r + r0)
, (10)
3where λ measures the strength of the Non-Minimal cou-
pling and r0 = M/4pi corresponds to the Schwarzschild
radius. The potential φC is due to the non-minimal cou-
pling and reads [20]
φC = ln
[
1−
(
r0
r + r0
)λ]
. (11)
Let us consider a pure Non-Minimal coupling (α = 0),
which is translated into
∇2φN = β∇2ρ+ γρ. (12)
At large scales, matter can be modeled as a perfect
fluid [21], hence, from the full Vlasov-Poisson system,
it is possible to obtain a set of hydrodynamic equations
capable of describing the dynamics of the density ρ and
velocity ~v of the fluid
∂ρ
∂t
+∇ · (ρ~v) = 0 (13)
∂~v
∂t
+ (~v · ∇)~v + ∇P
ρ
+∇φ = 0, (14)
where we have assumed a polytropic relation of the form
P = wρn, with w and n being coefficients to be cho-
sen for each physical situation. Equations (13) and (14)
correspond to the continuity and Euler equations, respec-
tively. The benefit in beginning with this hydrodynamic
approach is that, by applying the Madelung transfor-
mation [22], this set of equations is transformed into
a Schro¨dinger-Newton system. This correspondence is
normally used to establish a hydrodynamic analogy for
quantum mechanics [21], however, in this work we use
this approach in the opposite direction. This transfor-
mation is achieved by writing: ψ =
√
ρeiΦ/ν , where ν
work as an analogous of the reduced Planck constant,
~, ρ = |ψ|2 and ~v = ∇Φ. In addition, plugging these
redefinitions into in equations (13) and (14), it follows
iν
∂ψ
∂t
= −ν
2
2
∇2ψ + [ν2VB + φN + φC + Vp]ψ (15)
where VB = ∇2√ρ/(2√ρ) is the Bohm quantum poten-
tial and Vpressure is given by
Vpressure =
{
w ln(ρ) n = 1
nw
n−1ρ
n−1 n > 1 ∨ n < 0 . (16)
Through this set of transformations and approxima-
tions, we obtain a set of equations that corresponds to a
general form of the Schro¨dinger-Newton system. Hence,
it can be solved by adapting the solvers initially devel-
oped for equations (1) and (2).
III. IMPLEMENTATION AND PERFORMANCE
ANALYSIS
The original solvers developed for simulating the opti-
cal systems were implemented with a modular structure,
with an hardware-neutral paradigm, and were based on
GPGPU supercomputing. These solvers are integrated
into a more general one, HighLight, which offers the pos-
sibility of simulating different light-matter systems with
different interactions and levels of approximation. An-
alyzing, in particular, the Schro¨dinger-Newton solver,
this was implemented using standard beam propagation
methods, where the Schro¨dinger equation (1) is solved
with the Symmetric Split-Step Fourier Method since it is
the most efficient one [23] and takes advantage of the well-
optimized Fourier methods implemented for GPGPU. To
maintain consistency and efficiency, equation (2) is also
solved with spectral methods. All the solvers were writ-
ten in C++ and the GPGPU implementation with an
hardware-neutral approach was done through the Ar-
rayFire library [24]. The implementation was initially
tested, and the works [9, 16] already published based
on these solvers assures its physical correctness. Af-
ter performing the required adaptations to solve equa-
tion (15), we tested the solver performance when run-
ning with different hardware platforms, GPUs and CPUs,
as well as with different Application Programming In-
terfaces (APIs) (integrated with the Arrayfire), namely
CUDA and OpenCL.
FIG. 1. Speedup comparison for different hardware and soft-
ware configurations with an high-end CPU in single-thread.
The insets are a zoom of the NVIDIA 840M (laptop GPGPU)
results.
Figures 1 and 2 present the speedup results against a
high-end CPU running in single and multi thread mode,
respectively, in double precision (corresponding to a num-
ber representation of 64 bits), and for large mesh points
the GPGPUs outperform CPUs. In particular, with our
most powerful GPGPU (NVIDIA - TITAN V), the solver
4FIG. 2. Speedup comparison for different hardware and soft-
ware configurations with an high-end CPU in Multi-thread.
The insets are a zoom of the NVIDIA 840M (laptop GPGPU)
results.
can be more than 600 or 80 times faster when compared
with the CPU in single or multi thread mode, respec-
tively. Even with a GPGPU from a personal laptop
(NVIDIA 840M), the speedup results can be greater than
6.5. In this configuration, and when we compare with the
CPU in multi thread mode, the laptop is slower, however,
we have to remember that we are comparing with a pow-
erful CPU, and against the laptop CPU, the GPGPU
is much faster. Furthermore, the speedup results also
show that the optimal hardware-software configuration
depends on the mesh size of the problem.
Lastly, the results demonstrate the advantage of us-
ing a GPGPU based implementation. With this adapted
solver we are now able to perform numerical simulations
of cosmological systems under different models of gravity
with reasonable simulation times.
IV. RESULTS
The modified solver was then used to evaluate the dif-
ferences in the evolution of a distribution of matter under
different gravitational models. In every case, the simula-
tion was initiated by considering a Gaussian distribution
of the number density of massive particles, sufficiently
dense to constitute a fluid. Using the optical analogue
model generated by the standard General Relativity and
a Non-Minimal coupling model, as described by equa-
tion (15), we allowed the number density distribution to
evolve. The results are shown in Figures 3 and 4. Even
though the two models start from the same initial dis-
tribution, their distinct gravitational character results in
completely different processes of self-organization. Ac-
cordingly to the results predicted by General Relativity,
the initial distribution as a whole slowly collapses at the
center of the Gaussian. On the other hand, the results
predicted for the Non-minimal coupling reveal two dis-
tinct dynamical processes: part of the distribution col-
lapses at the center of the initial distribution, after which
appears to stabilize. As a result of this rapid accumula-
tion of mass, are formed shock waves that can be seen in
Figure 3. Meanwhile, another component of the initial
distribution appears to escape the gravitational well at
the center, as it overcomes the escape velocity.
These results seem to complement the analytic anal-
ysis of Ref. [20], where it was shown that the
choice/parameterization, equation 11, leads to a stronger
gravitational pull due to the fact that the non-minimal
coupling is acting as an effective pressure.
FIG. 3. Slices of a two dimensional simulation over the time
evolution for an initial Gaussian mass distribution in the orig-
inal (A) and modified (B) version of the Theory of General
Relativity. In these simulations the parameters M0 = 25,
ν = 1, w = 1.02, n = 1 and λ = 1 were used. The variables x
and t are in arbitrary units.
Figure 4 shows the initial and final profiles of number
density distribution. Clearly, the two models of gravity
produce distinct outcomes thus showing the usefulness of
this method as test-bed to investigate alternative models
of gravity.
FIG. 4. Normalized initial and final profiles of Figure 3.
5V. CONCLUSIONS
This article describes how solvers initially developed to
simulate the propagation of light in nonlinear and nonlo-
cal optical media under the paraxial approximation can
be adapted to investigate the dynamics of matter gener-
ated by different models of gravitational interaction.
In detail, we have demonstrated that for non-minimal
coupling theories of gravity under certain approxima-
tions the evolution equations of matter coincide with
those used to model light propagation. As a result, the
study of extensions of the Theory of General Relativity
and their implications in processes of self-organization
of matter can benefit from the development of high per-
formance tools in optics based on GPGPU technologies.
These technologies allow for acceleration factors up to
600 in calculation times when compared with the conven-
tional approach based on CPUs, while permitting to sim-
ulate problems with high spatial and temporal resolution.
Thus, these solvers provide an efficient test-bed to evalu-
ate non-minimal coupling models against observations of
the dynamics of astronomical objects. At the same time,
these solvers bridge nonlinear optics and gravity, sug-
gesting the possibility to emulate gravitational dynamics
produced by different models in optical experiments.
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